Ohm's law in ideal magnetohydrodynamics (MHD) leads to an induction equation which can be interpreted in terms of magnetic ux being transported by the plasma ow. It is shown that this frozen-in condition is the non-relativistic limit of a corresponding relativistic condition for the electromagnetic eld tensor. Several invariants for this type of transport are analyzed. The relativistic formulation also includes a broader class of transporting ows, which m a y di er from the plasma ow. A classi cation and interpretation of these transporting ows is given and it is shown that the corresponding evolutions of the electromagnetic eld also includes cases of non-ideal MHD evolution. Thus it is possible to nd invariants in non-ideal MHD similar to the magnetic ux for ideal plasma ows.
I. INTRODUCTION
Ideal Ohm's law in magnetohydrodynamics (MHD) implies the conservation of magnetic ux as well as of magnetic lines of force in the plasma ow ( 1] , 2]). This leads to the intuitive picture of magnetic ux being transported in the ow of the plasma. The mathematical foundation of this picture is given by the curl of Ohm's law which has the form of a Lie-derivative of a divergence free vector eld. This implies the conservation of an integral of this vector eld over an arbitrary surface, i.e. the magnetic ux. It also implies the preservation of magnetic eld lines which w as the motivation for a broad investigation on topological properties of magnetic elds (e.g. contributions in 3]). Properties as magnetic helicity, linkage or knottedness of magnetic eld lines are invariant for ideal dynamics and therefore characterize the class of elds which are accessible starting from a given state by ideal plasma dynamics ( 4] , 5]).
In a preceding paper ( 2]) we i n vestigated whether it is possible to extend the conservation of magnetic topology beyond ideal MHD to non-ideal plasma dynamics. We found several classes of non-ideal evolution which preserve magnetic topology, but we also found that structural stability of the notion of magnetic topology is a severe restriction in the non-ideal case. Especially in non-ideal plasmas the magnetic topology may depend on the frame of reference. (This e ect does not appear for ideal plasmas.) The upshot is that the notion of magnetic topology is not invariant. This naturally raises the problem of nding a concept related to magnetic topology which i s i n variant under Lorentz transformation.
We will show that there is no way to extend the concept of magnetic eld lines invariantly (section II). Instead the notion of magnetic ux does have a relativistic generalization leading to the covariant transport of electromagnetic ux (section III). We will discuss its properties in section IV. Covariant transport requires a transporting ow, examples of such transporting ows and a classication are given in section V.
II. MAGNETIC TOPOLOGY UNDER LORENTZ TRANSFORMATION
In a preceding paper we g a ve s e v eral examples that show that magnetic topology is not invariant under Lorentz transformations. This is a consequence of the fact that the magnetic eld is not a vector eld in Minkowski-space but a part of the electromagnetic eld tensor. Magnetic and electric eld components mix under Lorentz transformations and the result does not depend on the topology of the magnetic eld alone, but also on the electric eld. Nevertheless, it is instructive t o see what a relativistic analogue of the magnetic topology conserving equation would look like. Topology conservation in non-relativistic MHD is governed by an equation of the type @ t B + v r B ; B r v = B (1) where v is the velocity of an arbitrary ow, not necessarily the plasma ow (see 1, 6, 2] ). It transports the magnetic eld lines, such that they are frozen in the ow. The scalar function is only restricted by B r( + r v) = 0 and may depend on space and time. Mathematically the frozen-in condition is appropriately represented by the Lie-derivative. Applied to various quantities, such a s scalars, vectors or tensors, the Lie-derivative yields the corresponding transport equations for the frozen-in condition (see Appendix A or 7] (2) is the Lie-derivative in Minkowskispace (IM 4 ) applied to a hypothetic four-vector eld B (4) which is transported in a ow given by the four-velocity Unfortunately it involves already the transporting velocity V (4) and it is therefore not suitable to de ne a covariant \topology" of the magnetic eld. Moreover, we see that in Eqs. 
provided the time component o f B (4) in that limit is of the order O(v), i.e. of the order of a non-relativistic velocity. Here we rediscover Eq. (1) as the space component of the non-relativistic limit of Eqs. (3) . However, as we already mentioned, there is no magnetic four-vector and therefore no straight f o r w ard way to generalize the notion of topology conservation of magnetic elds in a covariant way. But we will return to Eqs. (3) in another context.
III. THE COVARIANT TRANSPORT O F ELECTROMAGNETIC FIELDS

A. Equations of Transport
Mathematically the electromagnetic eld is a closed two-form in Minkovski space, i.e. an antisymmetric tensor of degree two. Taking this into consideration, the search for a covariant generalization of magnetic topology conservation leads us to the Lie-derivative o f t h e electromagnetic eld tensor F (or in di erential forms the two-form ! 2 F ). Although the notation in di erential forms is more compact and concise, the notation in tensors or cartesian vectors is more common and so for the convenience of the reader we give here all three equivalent expressions.
One might suggest that we should allow the right hand side (RHS) of Eq. (5) to be ! 2 F instead of 0, analogous to Eq. (1) or (3) . There the free function re ects the fact that the topology of eld lines does not depend on the strength of the vector eld. Here such a term is restricted by the condition of vanishing divergence resulting in d ( ! to the statement that 6 = const: requires E B = 0 f o r r egions of nite measure. However, these are singular cases which can be excluded without much loss of generality. The same holds for solution which h a ve = const: 6 = 0 which correspond to everywhere exponentially growing or decaying elds, so that we can simply use = 0 . So Eq. (5) is a covariant set of equations which g o verns the transport of electromagnetic elds, i.e. both the electric and the magnetic elds, in a ow given by the four-vector eld V (4) . W e therefore call this the covariant transport of electromagnetic elds. The equations (5), (6) denote the antisymmetric di erentiation of a four-vector equation which is found by i n tegration,
While the space component o f E q . ( 9 ) i s v ery similar to the magnetic ux conserving Ohm's law, we h a ve a n a dditional time component which determines the evolution of the potential . This evolution is solely determined by the transporting eld V (4) which is seen most clearly by using the second equation to express the left hand side in terms of r . This results in the equivalent system V 0 @ 0 + V r = 0 (10) V 0 E + V B = r : (11) Due to their formulation in di erential forms these equations are independent o f t h e c hoice of the coordinate system. They are therefore also suitable for the description of general relativistic situations, as for instance the accretion of plasma onto a black hole. (See for instance Carter in 8] . He also showed the embedding of these equations in a more general Lagrange or Hamilton formulation of uid ows.) However, it is not our primary concern to investigate the properties of general relativistic plasma ows. Instead, we w ant t o s h o w that these equations, although having not such a simple intuitive meaning as the ideal Ohm's law, have similar conservation properties as magnetic topology conserving ows.
B. The non-relativistic limit
The relation of these covariant equations to the usual induction equation of MHD is found by taking the nonrelativistic limit of Eq. 
In this limit the equation for the evolution of the magnetic eld is the usual induction equation of ideal MHD a n d i t i s n o w decoupled from the equation for the electric eld. The latter is not considered in MHD because the electric eld can be eliminated from all equations of MHD. However, for all non-ideal cases this equation forms a non-trivial condition to the evolution of the electric eld and we will return to it in section IV. Integration of Eq. (12) yields Eq. (13), which reveals the ideal Ohm's law ( = 0) as a special case of the more general magnetic ux conserving form 6 = 0 . It is worth mentioning that the condition
is not a strict consequence of Faraday's law.
To b e precise it should read O(E rot ) = O(B), where E rot denotes the divergence-free part of the electric eld. Therefore, we can assume for instance O(B) < O(E), which i s consistent with Maxwell's equations if the electric eld is dominated by a curl-free part. The corresponding nonrelativistic limit of Eqs. (7),
@ 0 + v r = 0 (15) represents an electrohydrodynamics with a frozen-in potential of the electric eld.
IV. INVARIANTS DERIVED FROM COVARIANT TRANSPORT A. Electromagnetic ux conservation
Now w e look for the relativistic analogue of the conservation of magnetic ux. We i n tegrate the electromagnetic eld tensor F over a two-dimensional surface C in IM 4 (see Eq. A1 for the convention on the surface elements da and da 0 ):
The rst term on the right h a n d s i d e i s t h e w ell known magnetic ux penetrating the surface C. The second term is the electric ux and exists only if the surface has a nonzero extension along the time axis as shown in Figure  1 . Together they form a Lorentz invariant measure of electromagnetic ux penetrating C. If this surface is transported by a o w V (4) in IM 4 the change of ux through the moving area is given by the Lie-derivative theorem (see 7], p. 370) which states that the change is zero as long as the tensor of the electromagnetic eld is Lie-transported by t h e o w V (4) , or in other words, if it is covariantly transported (see Figure 2 for an illustration). Hence, we can formulate the following theorem as the generalization of Alfv en's theorem of the frozen-in magnetic ux. (The covariant form of which was rst stated by Lichnerowicz 9] , however without a closer analysis or interpretation.) a. Theorem (Transported ux) The electromagnetic ux penetrating a two-dimensional surface comoving in a o w V (4) Only for V 0 = const: we can identify s with the time X 0 . Therefore this theorem reduces to the usual conservation of magnetic ux in the non-relativistic limit V 0 = ( 1 ; v 2 ) ;1=2 ! 1 in a smooth manner. Due to V 0 1 i n t h i s limit a surface which has no extension in time direction, in other words a space-like surface, stays in a t = const: plane during the transport and the second integral over the electric eld is zero throughout. 
For the case of a magnetic eld line the integral can be expressed via the potential , Z 2 1 E dl = ( x t )j 2 1 = const:: Note that this is not a consequence of the non-relativistic Ohm's law alone but of both of Eqs. (13) . Boozer 10] stressed the importance of this quantity e v aluated along magnetic eld lines for the non-ideal behavior of the magnetic eld and showed that for certain eld con gurations one can always nd a transporting ow such that both Eqs. (13) hold.
In the non-relativistic limit the conservation of ux implies the conservation of magnetic lines of force. For relativistic ows, this does not hold. So, concerning the topology of the magnetic eld there is no smooth limit from relativistic to non-relativistic ows and one can easily construct examples which s h o w no conservation of magnetic eld lines for all values of V 0 with exception of the limit V 0 1. Thus magnetic ux conservation i s a m uch more robust property of plasmas in the sense that it has a relativistic generalization in contrast to the conservation of magnetic eld lines. cates that there is no transport velocity for this evolution of the electromagnetic eld which satis es Eqs. (7) .
In the non-relativistic limit V 0 1 the transport equation simpli es to a normal equation of continuity and therefore the invariant quantity i s E B integrated over a three-dimensional area in IR 3 instead of a fourdimensional volume in IM 4 . Z Because the vector potential is not a measurable quantity for itself, this property is of limited use for the investigation of electromagnetic elds. It is, however, important for the evolution of the helicity four-vector which, integrated over a three-dimensional volume, is an important measure for the complexity of the electromagnetic eld.
D. Transport of the helicity
The transport of the vector potential enables us to calculate the transport equation of the helicity density which turns out to be a four-vector in the relativistic case, containing the usual helicity density A B as the time component. 
V. TRANSPORTING FLOWS A. Examples
The results derived so far would be of limited use if they were restricted to cases where we h a ve an Ohm's law w h i c h meets the form Eq. (9). The only major application would be the ideal Ohm's law and the derived equation are either trivial or well known for this case. The strength of the concept is that it can be generalized. This generalization has a double meaning. First we can show h o w the already known invariants ( ux, topology, helicity, E B) of ideal ( = 0, V 0 1) or at least magnetic ux conserving ( 6 = 0 , V 0 1) systems are modi ed if the characteristic velocities of our system became relativistic. This is important for the application of MHD to relativistic situations. The other more important point i s t h a t w e can use this covariant description to nd invariants of non-ideal systems also regardless of whether they are relativistic or not.
The crucial point of the generalization is the interpretation of the transporting velocity V (4) . F or the derivation of the invariants we used at no time that V is the plasma velocity nor that it is of the velocity t ype V (4) = ; 1= p 1 ; v 2 v= p 1 ; v 2 of particles with nite mass. Only for the existence of the vector potential we used V 0 > 0. Hence, V is a general vector eld in the Minkowski space restricted only by V 0 > 0 a n d w e can also use this to extend the realm of our theory beyond that of ideal MHD. The case of the electromagnetic elds being transported in the plasma ow is a special case of the more general situation where we h a ve a transport velocity w h i c h m a y di er from the plasma velocity. A simple example of such a case is given by an Ohm's law of the form E + v p B = 1 en J B (v p is the plasma velocity), which can be converted in the form for covariant transport Eq. (9) with the help of V (4) = ( 1 v p ; 1 en J) and = 0. In this example we c a n also include a term 1 en rP e on the RHS, if we assume for instance T = const: and use = kT e ln(n).
Unfortunately the case that we can deduce transporting ows in this way directly from Ohm's law i s a n e xception, restricted to special forms of Ohm's law. = ; Z 1 e n (x) dP e (n(x)) dx dx: This is, of course, not the only solution, we can add for instance to V a component parallel to B which still satis es both equations Eq. (9). We can also choose another V 0 (x) and in this way modify (x) which m a y be necessary to match this solution for instance to a solution of an external ideal region.
The examples show that there exist transporting ows in all cases of ideal plasma ows and also for cases of non-ideal evolutions. For certain cases we can derive the transporting ow a priori from the form of Ohm's law without knowing any details of the solution. However, in the general case we h a ve t o p r o ve the existence of a transporting ow for every single solution. This means that we h a ve to answer the question: Given the possibly time-dependent electromagnetic eld (E(x t ) B(x t )), is there a transporting ow V = ( V 0 (x t ) V(x t )) such that the equations Eq. (7) hold? Alternatively we c a n answer this question on the level of Ohm's law Eq. (9), where the equations are more simple, but require to nd the potential in addition.
As an example, we try to nd a solution for the simple con guration of a magnetic ux tube. A solution for fV (4) g is found by i n tegrating from the parallel component of Ohm's law along magnetic eld lines, starting from an arbitrary cross-section where we can prescribe at will, for instance = 0. 
B. Classi cation
The existence of a transporting ow, i.e. a Lie-invariance or Lie-symmetry, is the most general form of an invariance of a physical system. It includes all the symmetries which conserve the metric such as translation (constant v elocity), rotation (constant angle velocity) or time invariance (V 0 = const: V = 0 ) a s w ell as those which do not conserve the metric and thus in general depend on space and time. With this interpretation in mind the transporting ow V (4) should satisfy V 0 2 + V 2 > 0 with possible exception of sets of measure zero, to have a de nite meaning for the integral invariants as given by the Lie-derivative theorem (see Appendix A).(Otherwise, i.e. for V (4) 0 on a whole region of IM 4 , the meaning of the constance of comoving integrals is lost in this region.)
Now there are three subsets of transporting ows which are invariant with respect to Lorentz transformations. First, the space-like symmetries with kV (4) The third group is the complement of the rst and second one in the set of all ows with a Lie-symmetry. These are the ows which h a ve regions in space and time where kV (4) k 2 > 0 a s w ell as kV (4) k 2 < 0. In a subsequent paper we will show that this set contains solution which correspond to reconnection processes and that the framework of covariant transport allows for a precise de nition of reconnection.
This subdivision of transporting ows is at the same time a subdivision of electromagnetic systems. First note that if we allow f o r kV (4) k = 0, i.e. the most general form of a transporting ow, all electromagnetic elds have a transporting ow (at least the trivial solution V (4) = ( 0 0)) and that this ow is not unique, i.e. there may b e m ultiple solutions. Secondly, the space of solutions, i.e. transporting ows for a given electromagnetic e l d , i s a v ector space, meaning that every solution can be scaled by a global constant and also a linear combination of solutions is a solution by itself. Naturally we are most interested in time-like symmetries of electromagnetic systems because they allow u s t o m a k e predictions about the evolution with the help of the invariants derived above. Therefore we distinguish those electromagnetic elds which h a ve a time-like symmetry from those which h a ve none. We h a ve done this by distinguishing transporting ows with kV (4) k 2 > 0, kV (4) k 2 < 0 respectively. But it is tempting to relate other non-time-like systems also to the group kV (4) k 2 > 0, to extend the set of systems for which w e can make predictions. This is indeed possible for another large group which h a ve V 0 > 0 and kV=V 0 k < 1 in at least one frame of reference. They allow to de ne a global constant q larger than the maximum of p 
VI. CONCLUSIONS
In this paper we i n vestigated the covariant generalization of magnetic ux conservation. This proves to be a conservation of the electromagnetic eld tensor which beyond an induction equation for the magnetic eld includes a transport equation for the electric eld as well. The usual conservation of magnetic ux is found in the non-relativistic limit of these equations. In this limit the topology of the magnetic eld is preserved too. In general the covariant transport of the electromagnetic eld does not imply the conservation of magnetic topology. Moreover we h a ve shown that there is no covariant generalization of this property of ideal or magnetic ux conserving plasmas. It has, however, other invariants, the electromagnetic ux, the helicity, and E B, which are conserved in the non-relativistic as well as in the general case. Similar to the magnetic ux and magnetic topology in ideal MHD, these invariants restrict the evolution of the plasma and allow for predictions of possible nal states of an evolution.
Analogous to a smooth plasma ow in ideal MHD, which leads to smooth deformation of the magnetic ux and hence excludes magnetic reconnection and similar processes, the covariant transport of the electromagnetic eld in Minkowski space represents a smooth redistribution of the electromagnetic ux. The transporting ows do not need to have the form V (4) = ( v v v) and we gave examples that more generals ows, restricted only by kV (4) k 2 > 0, can be related to non-ideal evolutions of magnetohydrodynamic systems. Thus there exists a large group of non-ideal evolutions of plasmas which h a ve similar invariants as in the ideal case. and the invariants reduce to the well-known invariants of magnetic ux conserving transport, i.e. the corresponding spatial integrals of B, A B and E B. F or this case we have in addition to these invariants also the preservation of magnetic topology. T h us we can subdivide all electromagnetic elds in those which a l l o w for a time-like transporting ow, or at least can be scaled to such a eld, and those which do not have this property. The former have frozen-in invariants of the above m e n tioned type. The latter represent more violent e v olutions of the electromagnetic eld. In a subsequent paper we will show that this group also contains evolutions which show magnetic reconnection, an example of a non-smooth redistribution of the electromagnetic eld.
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